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Abstract 

I construct 1/16, 1/8 and 1/4 BPS Wilson loops in M = 4 supersymmetric Yang- 
Mills theory and argue that expectation values of 1/4 BPS loops do not receive quan- 
■ turn corrections. At strong coupling, non-renormalization of supersymmetric Wilson 

loops implies subtle cancellations in the partition function of the AdS string with spe- 
cial boundary conditions. The cancellations are shown to occur in the semiclassical 
**^ ■ approximation. 

Qh' 

1 Introduction 

The holographic duality of M = 4 supersymmetric Yang-Mills theory and type IIB 
string theory on AdS§ x 5 5 [1, 2, 3, 4] is one of the few examples in which the long 
suspected equivalence of strings and planar diagrams of the large-iV limit [5] can be 
established on the quantitative level. However, this equivalence is not very explicit 
in the AdS/CFT correspondence. The string picture is useful in the strong coupling 
regime of SYM, when all planar diagrams should be taken into account. Resummation 
of all planar graphs is equivalent to solving the large-A limit, which is impossible in 
an interacting field theory, such as N = 4 SYM. 

Though resummation of planar diagrams is a complicated problem in general, sim- 
plifications occur in some cases, because supersymmetry leads to cancellations between 
various contributions. For certain quantities, the supersymmetry constraints are so 
strong that all quantum corrections cancel. Such quantities do not depend on the 
coupling and can be computed by summing tree-level diagrams. Non-renormalization 
theorems of this kind are known to hold for two and three point correlation functions 
of chiral operators, which preserve 1/2 of N = 4 supersymmetry [6]- [17]. The complete 
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agreement of the supergravity predictions for these correlators with field theory is one 
of the strongest tests of the AdS/CFT correspondence [18]. 

Another quantity that is not affected by quantum corrections is an expectation of 
the straight Wilson line. When properly defined, the expectation value is equal to one, 
which is confirmed by perturbative computation to the first two orders [19], and also by 
semiclassical calculations in string theory [20] . A related quantity, the circular Wilson 
loop, can be obtained from the straight line by a conformal transformation. Though 
SYM theory is conformally invariant, the expectation value of the circular loop acquires 
anomalous contributions [21, 22] and is a non-trivial function of the coupling constant. 
This function can be exactly calculated by summing Feynman diagrams that survive 
supersymmetry cancellations [19]. Various correlation functions of the circular Wilson 
loop allow to trace how the sum of planar diagrams at weak coupling transforms into 
the semiclassical string partition function at strong coupling [21, 19, 23, 22]. 

The cancellation of quantum corrections for the straight Wilson line stems from 
supersymmetry. The Wilson line operator commutes with eight of the sixteen super- 
charges [24] and thus corresponds to a BPS state. The circular Wilson loop does 
not preserve any supersymmetry, but commutes with eight linear combinations of su- 
persymmetry and superconformal generators [25]. Simplifications that occur for the 
circular loop should be somehow related to its superconformal invariance. 

I will construct Wilson loops that preserve 1/16, 1/8 or 1/4 of the supersymme- 
try and study their expectation values in perturbation theory and at strong coupling 
using AdS string theory. Comparing the results of these calculations, I conjecture 
that the expectation values of 1/4 BPS Wilson loops are not renormalized. But less 
super symmetric Wilson loops do receive quantum corrections. 



2 Supersymmetry transformations 

The field content of N = 4 SYM theory consists of gauge fields A^, six scalars 
(i = 4 . . . 9) and four Majorana fermions ^> A , all in the adjoint representation of SU(N). 
It is convenient to put fermions into a single Majorana- Weyl spinor of Spin{9, 1). The 
Euclidean action then takes the following form: 

S=^J d 4 xtr{iF^ + (Z^ 2 -i[^ (2.1) 

where T M = (r^,r i ) are ten-dimensional Dirac matrices. The supersymmetry trans- 
formations of the bosonic field are 

M„ = ^e, 

S € <f>i = ff'e, (2.2) 

where the parameter of transformation e is a ten-dimensional Majorana- Weyl spinor. 

The Wilson loop operator which is dual to the string in Anti-de-Sitter space [26] is 
a hybrid of the usual non-Abelian phase factor and the scalar loop of [27]: 

W(C,0) = trPexp / ds (iA II (x)±> 1 + . (2.3) 
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Here, x^(s) parameterizes the contour C in IR 4 and 9 l is a unit six-vector: 9 % 9 % = 1. 
This vector can depend on s, though, in most of the papers on Wilson loops, 9 % was 
assumed to be constant. 

The supersymmetry variation of the Wilson loop is 

6 e W(C,9) = trP J ds^> («r^ + r i i |z|) e exp ^ ds' (M^ + $#|±|) . (2.4) 

Some part of the supersymmetry* will be preserved if 

(ir»x> x + r i O i \x\)e = 0. (2.5) 

Since the linear combination of Dirac matrices iT^x 11 + r i ^*|x| squares to zero, equa- 
tion (2.5) has eight independent solutions for any given s. In general, these solutions 
will depend on s, so an arbitrary Wilson loop is only locally supersymmetric. Local 
supersymmetry is not a symmetry of the action, however. The requirement that e is 
s-independent is a constraint on x^(s) and 9 l (s). The number of linearly independent 
e's that satisfy eq. (2.5) determines the number of conserved supercharges. 

It is easy to convince oneself that eq. (2.5) has no solutions for constant 9\ unless 
C is a straight line. Indeed, choosing parameterization of the contour C such that 
\x\ = 1 and differentiating (2.5) in s, we get: 

iT^x^ e = 0, 

which implies that x is identically zero. 

For a general loop with varying 9 % and a curved contour C, (2.5) constitutes an 
infinite set of algebraic equations for sixteen unknown quantities. In spite of the huge 
redundancy of these equations, they have non-trivial solutions for certain x^ and 9 % . 
The complete classification of supersymmetric Wilson loops is beyond the scope of the 
present paper. Instead, I will study a simple ansatz, for which (2.5) reduces to a finite 
number of equations. The ansatz amounts in requiring that the position of the loop in 
5 5 follows the tangent vector x 11 of the space-time contour C. The map from S 3 to S 5 
is defined by an immersion of M 4 in R 6 as a hyperplane: 

x m , — > x^M^, (2.6) 

where the rectangular matrix can be regarded as a projection operator: 

M^Ml = V (2.7) 

A particular form of is not important because of £0(4) x £0(6) global symmetry 
of M = 4 SYM. Then, 

i = M'^j (2.8) 

maps a tangent vector of the contour C to a point on S 5 . With this choice of 9 i , the 
Wilson loop operator becomes 

W S (C) = -i tr P exp I dx» (iA„ + AfJ*<) . (2.9) 
J c 



*It would be also interesting to consider more general conditions for superconformal invariance of a Wilson 
loop operator (see [25] for the discussion of the circular loop). 
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This is my ansatz for the supersymmetric Wilson loop. The supersymmetry variation 
of this operator vanishes if 

ia* (r^ - iAfJP) e = 0. (2.10) 

All s-dependence factors out, and one is left with four algebraic equations: 

- iA/Jr*) e = 0. (2.11) 

These equations can be easily solved by choosing a particular basis in the spinor repre- 
sentation of Spin(W) Let us define four pairs of creation and annihilation operators: 

= ^(r^ + iJWjP). (2.12) 
The fifth pair of operators is constructed using two six- vectors orthogonal to M^: 

K v i* = 0, v\ 2 = 1, (2.13) 



a 4 = l -{v\r - iv \r) , 

a 4 f = ^ («ir + iuir*) . (2.14) 

The matrices a M , cim satisfy anti-commutation relations 

{a M ,a N ^} = S^, (2.15) 

and their Fock space can be identified with the spinor representation of Spin(l0). The 
chirality projection leaves states with even (or odd, depending on the sign of chirality 
projection) number of creation operators acting on the Fock vacuum. 
The equations (2.11) in this representation are 

a»\e)=0, /i = 0...3. (2.16) 

For the spinor to be annihilated by a ... a 3 , the levels associated with these oscillators 
must be filled. There are two such states: 

|e+) = 4-..4|0), 

|e_) = 4...44|0). (2.17) 

They have opposite chirality. Hence, there is only one Weyl spinor that satisfies 
eqs. (2.11) and, consequently, the Wilson loop operator commutes with one of the 
sixteen supercharges. So, a Wilson loop of the form (2.9) preserves supersymmetry 
and generically is 1/16 BPS. 

^Strictly speaking, one should deal with Spin(9, 1) spinors, because of the Majorana condition on e. 
However, the signature of the metric will not be important for the discussion below, and I will assume that 
the Dirac matrices anti-commute on 2S MN from now on, to simplify the notations. 
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Table 1: The amount of supersymmetry for Wilson loops of various dimensions. 



Dimensionality of the loop 


Amount of supersymmetry 


4D 


1/16 


3D 


1/8 


2D 


1/4 


ID 


1/2 



The supersymmetry is enhanced if the contour C has a special shape. Consider, for 
instance, a spatial Wilson loop which lies in a three-dimensional time slice x° = 0. x° 
is identically equal to zero in this case, so only three of four constraints in (2.11), those 
with /x = 1 ... 3, should be imposed to satisfy (2.10). Then |e) must be annihilated only 
by three oscillators. In addition to (2.17), there are two extra solutions that satisfy 
these constraints: 

|6«) = 4...4|0), 

|eL 1} ) = 4...44|0), 
|ef) = 4...4I0), 

ieL 2) ) = 4---44l°>- ( 2 - 18 ) 

Two of these spinors are chiral, so a three-dimensional loop commutes with 2 su- 
percharges and preserves 1/8 of the supersymmetry. If the contour C lies in a two- 
dimensional plane, the number of supersymmetries again doubles, and the planar Wil- 
son loop preserves 1/4 of the supersymmetry. A one-dimensional supersymmetric Wil- 
son loop is a familiar Wilson line with constant 9 1 , which is 1/2 BPS. The amount of 
supersymmetry as a function of dimensionality of the loop is summarized in table 1. 



3 Supersymmetric Wilson loops in perturbation 
theory 

One may anticipate a lot of cancellations between quantum corrections for the super- 
symmetric Wilson loops. I will calculate the expectation value 

(W S (C)) = ^1 trPexpjf dx" (iA^ + M^)^ (3.1) 

to the two first orders in perturbation theory and to the leading order in the large- iV 
expansion and will demonstrate that all corrections mutually cancel. 

There are nine diagrams (fig. 1) that contribute at 0((g 2 N) 2 ). Each of the indi- 
vidual graphs in fig. 1 contains UV divergences. The divergences cancel in the sum, 
but intermediate calculations require a regularization. An explicit regularization pre- 
scription will not be important for the calculations below, as soon as the regularization 
preserves supersymmetry. One can always keep in mind the dimensional reduction 
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d e f 




Figure 1: Feynman diagrams of leading and next-to-leading orders. 

which works to this order in perturbation theory [19, 28, 29]. I will not even need an 
explicit form of propagators. The only necessary ingredient is the equality of gauge 
boson and scalar propagators in the Feynman gauge, which is a consequence of super- 
symmetry: 

(Af{x)A*(y)) Q = g 2 (5 ad 5 bc -^5 ah 5 cd ^5, u D(x-y), 

($f(x)$f(y)) o = g ^S ad 5 bc -^5 ab 5 cd y tJ D(x-y), (3.2) 

where a,b,c,d are SU(N) indices. 

The diagrams of the leading order, (a) and (b), mutually cancel, because 

((iA^x) + M^iix)) (iA u (y) + Mi^j(y))) cx (*V + AfjAfj)D(x - y) = 0, (3.3) 

owing to the identity (2.7). All diagrams without internal vertices cancel for the same 
reason, in particular, the diagrams (c), (d) and (e). As was shown in [19], one- loop 
corrected scalar and vector propagators are still equal, up to total derivatives, so the 
diagrams (f) and (g) also sum up to zero. 
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The remaining graphs (h) and (i) are computed as follows: 
(h) + (i) = ~2~jy J d A x <j> dx^dx^dx^ 6 c (x\, X2, £3) 

x Q (tr A ll (x 1 )A v (x2)A x (x 3 ) tid p A a {x)[A p {x),A a {x)\) 
- (MiMitrQiix^j^A^xs) tid p $ k (x)[A p (x),$ k (x)]) Q 
= 2{g 2 N) 2 j d 4 x <j> dx^dx^dx^ 6 c {x\, X2, x^)5 pu D{x — x$) 
x [d{x — xi)d\D(x — X2) — d\D(x — x\)D(x — X2) 
-D(x - xi)d x D{x - x 2 ) + d x D(x - x 1 )D{x - x 2 )) = 0. (3.4) 

Here, c {x\, X2, X3) is equal to one, if points x±, X2 and X3 are cyclically ordered along 
the contour C, and is equal to zero otherwise. 

All corrections of orders g 2 N and (g 2 N) 2 cancel. That may indicate that expecta- 
tion values of super symmetric Wilson loops obey non-renormalization theorems. If so, 
AdS/CFT calculations at strong coupling must also give (W S (C)) = 1. 

4 Supersymmetric Wilson loops in string the- 
ory 

According to the AdS/CFT conjecture, Wilson loops couple directly to strings that 
propagate in AdS*, x S 5 . The expectation value of the Wilson loop is the string partition 
function [26, 30]: 



(W(C,9)) 



[ DX M Di} a Dh ab exp f -XlJL [ d 2 a Vhh ab G MN d a X M d b X N 

Jrcg I 47T J d 



+ fermionsj , (4.1) 

The sigma- model metric is defined by the line element: 

±(dX 2 + dZ 2 ) + dn 2 s5 . (4.2) 



ds 2 ' 



The fermionic part of the action is known [31]- [36], [20], but will not be used here. 
The string world sheet extends to the boundary of AdS space, where it terminates on 
the contour C. In other words, the sigma-model path integral is supplemented by the 
boundary conditions: 

X% D = x»{ 8 ), Z\ dD = e, &\ dD = 9\s). (4.3) 

9 J parameterizes a position of the world sheet in S 5 . The regularization parameter 
e cuts off divergences which arise because of the 1/z 2 singularity of the metric at the 
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boundary. At the end, e should be sent to zero. If the string partition function is 
appropriately defined, the divergences appear only in the intermediate calculations 
and eventually cancel. The correct definition of the partition function involves the 
Legendre transform in Z [24]. Explicit implementation of the Legendre transform 
is somewhat cumbersome, but, fortunately, in the semiclassical approximation, the 
Legendre transform amounts in dropping 1/e divergences whenever they appear. 

It is not known how to solve the AdS$ x S 5 sigma model exactly. The only sim- 
plification occurs at large 't Hooft coupling, when the sigma model becomes weakly 
coupled, and the partition functions can be computed in the saddle-point approxima- 
tion. Minima of the string action correspond to minimal surfaces in AdS§ x S 5 , whose 
boundary is the contour C. The action at the saddle point is the area of the minimal 
surface: 

A(C) = J d 2 a ^det GMNdaXgdbXS, (4.4) 

which should be regularized by subtraction of the boundary divergence. The a' ex- 
pansion of the sigma model, obtained by expanding around the classical solution and 
integrating out fluctuations, yields l/y g 2 N expansion of the Wilson loop expectation 
value. There are additional complications if the classical solution depends on parame- 
ters (has moduli). The parameters give rise to zero mode fluctuations which should be 
separated by introducing collective coordinates for the moduli of the classical solution. 
Each moduli integration is accompanied by a factor of a' 1 / 2 , which, in the present case, 
should be identified with (c^iV) 1 / 4 . The gauge fixing of the world sheet diffeomorphism 
/ Weyl invariance also produces a non-trivial factor, because the usual conformal gauge 
leaves residual three-parametric gauge freedom in the disk partition function [37]. The 
residual gauge symmetries give a factor of (g 2 ./V) _1 / 4 each [21]. Consequently, the 
semiclassical partition function for the Wilson loop vev has the following general form: 



{W(C,9)) = const ( 5 2 7V) (iW_3)/4 exp (-^2Ka(C) \ + l/y/g*N correction, 



2vr 



(4.5) 



where N z . m . is the number of zero modes, or the number of moduli in the classical 
solution X^f . An overall constant comes from the integration over non-zero-mode 
fluctuations. 

Potential non-renormalization of supersymmetric Wilson loops implies that corre- 
sponding minimal surfaces have zero area. For loops with constant 0j, which have been 
most extensively studied so far, the minimal surface sits at one point in 5 5 and extends 
only in AdS$. It can be shown that the regularized area of a minimal surface in AdS$ 
is strictly negative because of the subtraction of the boundary divergence. The area 
in S 5 is positive, which may well cancel the AdS§ contribution. So, nullification of the 
classical string action is not very surprising, and I will show that it indeed happens 
for the simplest contours. The cancellation of the zero mode factor is a much more 
unexpected fact. For the Wilson loop vev to be one, the minimal surface must be 
degenerate and must depend exactly on three parameters. A minimal surface with a 
given boundary in AdS$ is usually unique. Several degenerate minima of the string 
action can coexist in some special cases, but this degeneracy is never parametric. This 
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leads to a characteristic (<7 2 iV) _3 / 4 pre-factor in the Wilson loop expectation value [21] 
which is confirmed by exact field-theory calculations [19]. It turns out that a non-trivial 
dependence on S* 5 coordinates qualitatively changes the situation. Minimal surfaces 
which are associated with super symmetric Wilson loops are always parametrically de- 
generate and have moduli. The number of moduli turns out to depend on the amount 
of supersymmetry preserved by the Wilson loop. Minimal surfaces with constant po- 
sition in S 5 can be regarded as a degenerate case, in which the moduli space shrinks 
to zero size. 

The simplest supersymmetric Wilson loop consists of two anti-parallel lines with 
points at infinity identified, which can be thought of as a limit of an infinitely long 
rectangular contour. Supersymmetry requires that 6i follows the tangent vector of the 
contour C. Since the tangent vector rotates through tt at infinity, each of the two 
lines should be put at diametrically opposite points on S" 5 . This is a particular case 
of configuration considered in [26]. It was observed there that the potential between 
anti-parallel lines vanishes when their angular separation on 5 5 reaches tt. This is 
exactly where the Wilson loop becomes supersymmetric. 

I will consider in detail another simple example, the circular supersymmetric Wilson 
loop. Due to the scale invariance of N = 4 SYM, the radius of the circle can be put 
to one, and it can be parameterized as 

a^(a) = (cos s, sins, 0,0). (4.6) 

The loop in S 5 must be an equatorial circle to satisfy the supersymmetry constraints. 
Choosing the angular parameterization of S 5 , when the metric is 

dQ 2 s s = dtp 2 + cos 2 i/j dip 2 + sin 2 ip dtt 2 s3 , < i/j < tt, < ip < 2tt, (4.7) 

we have the following boundary conditions for the S 5 coordinates 

tp(s) = s, ip(s) = 0, n = const, (4.8) 

where n is a unit four- vector that corresponds to a point on S 3 . The minimal surface 
can be parameterized by the angle s and the AdS scale z. Imposing the symmetry 
constraints, we can look for a solution of the following form: 

= (R cos s,R sins, 0,0), R = R{z), Z = z, $ = s, W = ^{z). (4.9) 

The area of this surface is 



A = 2vr J ' dz \j(j^ + c os 2 &j (*' 2 + ^ 2 + . (4.10) 

Variational equations following from minimization of A are quite complicated, but the 
solution is rather simple: 

R=y/l- z 2 , sin^ = z. (4.11) 

Checking that this solves equations of motion for the Nambu-Goto action is a straight- 
forward but lengthy exercise. An easier way to see that this corresponds to a minimal 
surface is outlined below. 
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A metric induced on the minimal surface is 

(4.12) 



ds 2 = (4 + 1 



z 2 



dz 2 

dZ + (1 - z 2 )ds 2 



1-z 2 

and the minimal area is readily computed 

^(circle) = J ds dz + lj = ^. (4.13) 

The regularized area, left after subtraction of the divergence, is zero, which is consistent 
with non-renormalization of the Wilson loop expectation value: (W s (circle)) = 1. 

The above solution can be easily obtained if we start with the action in the Polyakov 
form, as in (4.1), and fix the conformal gauge: h a b = 5 a b. The equations for the minimal 
surface then follow from the action 



A = 7T dr 



p/2 i r?2 I y/2 
K + K + Z _ v2 2 



Z 2 



+ + cos z <f 



(4.14) 



where now i?, Z" and ^ are functions of r. The equations should be supplemented 
by Virasoro constraints, which require the induced metric to be unit matrix up to a 
conformal factor: 

G MN d a X M d b X N = e% b . (4.15) 

Both the equations of motion and the Virasoro constraints can be solved separately for 
the AdS§ and the S 5 coordinates of the string world sheet. Hence, the minimal surface 
in the conformal gauge is a direct sum of two surfaces in AdS§ and in S 5 . Minimal 
surface in AdS§ that has a circle as its boundary is known [24, 38]. Transforming the 
solution of [24, 38] to the conformal gauge we get: 

R= — — , Z = tanhr. (4.16) 
coshr 

The AdS§ part of the induced metric is 

1 

sinh z r 

Solving the equation of motion for if! with boundary conditions (4.8), we find: 

sin^ = tanhr, (4.18) 

and 

^.induced = ^27^ + ( 419 ) 

Changing the world-sheet coordinates from (r, s) to (z, s) in (4.16), (4.18) we get back 
to (4.11). Computation of the area in the conformal gauge, of course, gives the same 
result: 

f°° ( 1 1 \ 2-ir 

A(circle) = 2vr / dr 5— H 5— = 2vr (tanhr - cothr)|?° = > 0. 

V 7 J £ Vsinh 2 r cosh 2 t J K Me e 

(4.20) 



*MdS 5 ,induced = — 7^(dT 2 + d S 2 ). (4.17) 
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The above solution for the minimal surface depends on an arbitrary point on S 3 , 
denoted by n in (4.8). Different n's correspond to different minimal surfaces, so the 
solution indeed depends on three arbitrary parameters, exactly as predicted by su- 
persymmetry! Why minimal surfaces that sit at one point in S 5 do not have this 
degeneracy? The reason is that S 3 shrinks to zero size at ip = 0. (ip = 0, n) correspond 
to one point in S 5 for all n. As soon as \P is identically equal to zero, the degeneracy 
does not arise. It is easy to see that the three-parametric degeneracy is not specific 
to the circular loop. Indeed, any planar contour projects onto an equatorial circle in 
S 5 under the map defined in sec. 2. For symmetry reasons, the minimal surface will 
not extend into the orthogonal S* 3 , coordinates on which can be regarded as moduli 
parameterizing the minimal surface. 

It is natural to assume that (W S (C)) = 1 for any planar loop C. This conjecture 
relies on the nullification of the minimal area in two cases, for the anti-parallel lines 
[26] and for the circular loop considered above. It would clearly be desirable to have a 
general proof that the minimal area is zero for any planar contour. On the other hand, 
cancellation of zero modes simply follows from the '3+1' decomposition of the metric 
in eq. (4.7) and applies to any 1/4 BPS Wilson loop. 

What about less supersymmetric loops? A <i-dimensional contour in M 4 maps onto 
a curve in the equatorial S^ 1 in S 5 . It is then convenient to decompose the S 5 metric 
in the '(d-l)+(5-d)' way: 

d£l 2 s5 = dip 2 + cos 2 ip dn| d -i + sin 2 ip dO| 5 _ d . (4.21) 

The minimal surface will sit at one point in S 5 ~ d . So, the solution for the minimal 
surface will contain N z _ mm = (5 — d) moduli. Consequently, the expectation value for a 
d-dimensional supersymmetric Wilson loop is proportional to* 



(W s (C d )) oc tfNf-^ exp J-^- A(C)j . (4.22) 

If d > 2, the expectation value is a non-trivial function of the 't Hooft coupling, 
whatever the minimal area is. There are no reasons to expect that the minimal area 
for non-planar contours is zero, since non-renormalization does not work in this case 
anyway. 



5 Discussion 

The supersymmetric Wilson loops can be constructed in N = 2 SYM theory as well. 
The details are given in Appendix. These operators can be useful in the study of 
supergravity duals of N = 2 gauge theories constructed in [39]- [42]. 

It is likely that planar supersymmetric Wilson loops in J\f = 4 SYM, which preserve 
1/4 of the supersymmetry, are not renormalized by quantum corrections. At strong 
coupling, non-renormalization of planar Wilson loops implies cancellation of the min- 
imal area in AdS$ x S 5 for rather wide class of boundary conditions. This is a very 

^This formula is not applicable at d = 1 (the straight line), because of boundary conditions at spatial 
infinity that should be imposed in this case. These extra boundary conditions modify zero mode counting. 
Properly denned partition function for the straight Wilson line should be equal to one. 
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non-trivial statement about minimal surfaces in AdS§ x S 5 . I did not prove it, but 
checked for the circular and the rectangular loops. 

Wilson loops with lesser degree of supersymmetry do renormalize. A non-trivial 
dependence on 't Hooft coupling follows from zero mode counting in the string partition 
function. The dependence of non-planar loops on 't Hooft coupling and the coupling- 
constant independence of planar loops has an interesting consequence. Consider a 
slightly non-planar Wilson loop; let 8 be a parameter of non-planarity. The strong- 
coupling asymptotics of the Wilson loop vev then is a discontinuous function of 5. 
This can be seen from the structure of zero-mode contribution (a pre-factor in (4.22)) 
to the string partition function. The number of zero modes changes as 5 turns to 
zero, so the expectation values for 5 = and for infinitesimally small but non-zero 5 
differ by a finite amount. Such a discontinuity is absent in any order of perturbation 
theory, as any Feynman diagram is an analytic function of 5. Similar strong-coupling 
'phase transitions' occur in Wilson loop correlators [43]- [47], they arise due to the string 
breaking. 
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Appendix A Supersymmetric Wilson loops in M 

SYM theory 

The field content of J\f = 2 SYM theory consists of the gauge fields A^, two Majorana 
fermions A^, A = 1,2, and a complex scalar $. All fields are in the adjoint representa- 
tion of the gauge group, SU(N). The supersymmetry transformations of the bosonic 
fields are: 

SAfj, = -i\ao^ a + ua^imX A , 
5$ = V2e AB e A X B , 

6& = -V2e AB e A \ B , (A.l) 

where e A are two Majorana spinors, and I follow the conventions of [48]. In particular, 
I switch to the Minkowski metric with signature ( — h ++). 
The supersymmetric Wilson loop is defined as 

W S (C,C) = 1 trPexp J ds (iA^ + <!>e\i\ + **(\i\), (A.2) 

where ( = ((s) is an arbitrary complex- valued function of the parameter on the contour, 
which satisfies [£[ = l/\/2. The modulus of the tangent vector, \x\, stands for \fip- and 
is imaginary for time-like contours. Therefore, time-like Wilson loops are associated 
with unitary matrices, as usual, and it is only space- like loops that contain a Hermitian 
piece in the exponent. Light-like loops do not couple to scalars at all. 
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The requirement that the supersymmetry variation of the Wilson loop turns to zero 
is equivalent to the following equations: 

^V A = -V2\x\Ce AB e B , 

Z A o*Xp = V2\x\Ce B e BA - (A.3) 

These equations are Hermitian conjugates of one another. The first equation can be 
used to express e A in terms of e : 

^ = T^TTJ ^AB^x„e B . (A.4) 

Substituting this into the second equation we get 

a^e^a v ^x^x v e AB e B = -2\Q\ 2 x 2 e AB e B ^ 

which can be shown to be an identity, provided 2|£| 2 = 1. 

The four constraints (A.4) fix half of the parameters of the supersymmetry trans- 
formation. Again, generic Wilson loop preserves only local supersymmetry, since the 
right hand side of (A.4) in general depends on a position on the curve. An obvious 
exception is the straight line with constant (, which preserves 1/2 of global N = 2 
supersymmetry. It would be interesting to understand if there are other BPS Wilson 
loops, which preserve smaller part of the supersymmetry. 
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